Abstract. We show that Möbius maps between ultrametric spaces are local similarities. The proof is based on the notions of chordal ultrametric and normalization, which we introduce in this paper.
In [8] Hughes posed the problem of classifying complete ultrametric spaces up to local similarities. Since Möbius maps on ultrametric spaces are local similarities (Theorem 5.2), classifying ultrametric spaces up to Möbius maps would be an important step in the direction of Hughes' Problem. Section 2 contains basic concepts and some preliminary results on ultrametric spaces. In Sections 3 we introduce the concepts of chordal ultrametrics and inversions on ultrametric spaces. In Section 4 we introduce the concept of normalization for ultrametric spaces. These concepts are used in the proof of our main result in Section 5.
Ultrametric spaces
By an ultrametric on a set X we mean a metric d on X satisfying the strong triangle inequality 
(x, y)d(z, w) d(x, z)d(y, w) .
Let (X, d) and (X , d ) be ultrametric spaces and let f : X → X be a homeomorphism. The map f is called a similarity if there exists λ > 0 such that d (f (x), f (y)) = λd(x, y) for all x, y ∈ X. We also say that f is a λ-similarity. If λ = 1, we say that f is an isometry. The map f is called a local similarity if for each x ∈ X there exist > 0 and λ > 0 such that the restriction
Suppose that (X, d) is an ultrametric space. Note that given x, y, z ∈ X, the strong triangle inequality implies that the two larger of the distances d(x, y), d(x, z) and d(y, z) are equal. This property is often expressed by saying that every triangle in X is isosceles and, moreover, the length of the base is less than or equal to the length of the equal sides. The strong triangle inequality implies the following conditions on quadruples. Recall that a distance function on a set X is a nonnegative symmetric function on the product set X × X. Lemma 2.1. If a distance function d on X satisfies the strong triangle inequality, then for each quadruple x, y, z, w ∈ X the two larger of the sums
and the two larger of the products
Proof. Without loss of generality we can assume that
There are four possibilities.
In all cases we obtain (2.2) and (2.3) as well as the second part of the lemma.
The first part of Lemma 2.1 is equivalent to the following inequalities
respectively. Observe that the conditions (2.4) and (2.5) imply that ultrametric spaces are both Gromov 0-hyperbolic and ptolemaic (see [3, 9] ). If, in Lemma 2.1, d is an ultrametric on X, then the lemma also follows from Theorem 3.2 [6] when the latter is applied to the four-point ultrametric space ({x, y, z, w}, d). In this paper we apply this lemma only for ultrametric spaces. In our upcoming paper "hyperbolic fillings for ultrametric spaces" we apply this lemma for more general distance functions that satisfy the strong triangle inequality, justifying its present formulation.
Chordal ultrametrics and inversions
Suppose that (X, d) is any ultrametric space. If X is unbounded, we letX = X ∪ {∞} be its one-point extension. For simplicity we putX = X if X is bounded. The crossratio is extended toX by putting
Let V be an arbitrary subset of X with 0
If X is an unbounded ultrametric space, then for each fixed
for otherwise using the strong triangle inequality we would have
Lemma 3.1. Let (X, d) be an ultrametric space and let V be any subset of
Observe that if X is bounded, then for
for all x, y ∈ X. For unbounded X, it can be shown that the space (X, d V ) is homeomorphic to the one-point compactification of X if and only if X is proper (that is, every closed bounded subset of X is compact).
is both Möbius and a local similarity;
Proof. To prove (1), we observe that d V (x, y) = 0 if and only if x = y. We need to show that d V satisfies the strong triangle inequality. By continuity it is enough to consider only the points x, y, z ∈ X. Without loss of generality we can assume that
For any v ∈ V using Lemma 2.1 we obtain
Taking the supremum over all v ∈ V we obtain , z) are equal, establishing the strong triangle property.
To prove (2), for all v 1 , v 2 ∈ V and x, y ∈ X, using Lemma 2.1 we obtain
and hence d V (x, y) ≤ 1. If x ∈ X and y = ∞, then using Lemma 3.1 we obtain
To prove (3), put = diam(V ). For each x ∈ X we let
Then for y ∈ B(x, ) we have m(x, V ) = m(y, V ). Indeed, using Lemma 3.1 we obtain
Thus, id V is both a homeomorphism and a local similarity. Finally, it is an immediate consequence of the definitions that the identity map is Möbius.
To prove (4), let {x i } be a Cauchy sequence in We refer to the distance functions d V as the chordal ultrametrics. As the identity map in Theorem 3.3 is a local similarity it maps balls of small enough radius to balls. The next lemma says that it does not map every ball to a ball.
Lemma 3.4. let (X, d) be an ultrametric space and V ⊂ X with
Next, we introduce the concept of inversions on ultrametric spaces. For each p ∈ X and r > 0, we define a distance function d p,r on X p =X \ {p} by p)d(y, p) . p)d(z, p) .
Hence the distance function d p,r is an ultrametric. To prove the second part, let
Hence id p is both a homeomorphism and a local similarity. Finally, it follows from the definitions that id p is also Möbius.
Normalization
Let X = (X, d) be any ultrametric space and let
.
Hence by Theorem 3.3 the space (X, χ p ) is an ultrametric space of diameter equal to 1, and that the identity map I p : (X, d) → (X, χ p ) is both Möbius and a local similarity. A simple computation shows that
We refer to the space X p = (X, χ p ) as the normalization of X with respect to the triple p = {p 1 , p 2 , p 3 }. Notice that the normalization of X p with respect to the triple p = {p 1 , p 2 , p 3 } is the space X p itself. We discuss some properties of X p . Put r = d(p 1 , p 2 ). Balls in X p are denoted using a subscript p. Given x 0 ∈ X, for all x, y ∈ B(x 0 , r) we have (see the proof of Theorem 3.3) , 2) , it follows that the restriction of the identity map
Next, the closed ball B(p 1 , r) decomposes into the union of disjoint balls of radius r. More precisely, let {x i : i ∈ I} be the set of all points in B(p 1 , r) with d(x i , x j ) = r for i = j, where I is some indexing set. Note that the set I is countable if X is separable and is finite if B(p 1 , r) is compact. Then
and hence
. 1) . Moreover, the map I p acts as a local similarity on
Hence for each x, y ∈ B(x 0 , r) we have
We say that an ultrametric space
We conclude that in classifying ultrametric spaces, up to a Möbius map, one can consider only the normalized ultrametric spaces. Analogously, in classifying ultrametric spaces, up to a local similarity, one can consider only the normalized ultrametric spaces.
Möbius maps between ultrametric spaces
Our goal in this section is to prove our main result that Möbius maps between ultrametric spaces are local similarities. We say that a triple {x, y, z} of points in an ultrametric space
We begin with the following preliminary lemma.
Lemma 5.1. Let (X, d) and (X , d ) be ultrametric spaces of diameters equal to 1. If f is a Möbius map between X and X that maps a diametrical triple in X to a diametrical triple in X , then f is an isometry.
We begin by showing We end the paper with the following example. Let (X, d) be a separable ultrametric space. As was proved by Timan and Vestfrid [17] , every separable ultrametric space can be isometrically embedded in the space l 2 of all real sequences {x n } n∈N , for which n∈N x . Let f : X → l 2 be an isometric embedding such that 0 / ∈ f (X). The reflection
is a Möbius map, that is,
||I(a) − I(b)||||I(c) − I(d)|| ||I(a) − I(c)||||I(b) − I(d)||
for {a, b, c, d} ⊂ l 2 . This is known for the finite-dimensional Euclidean spaces (see, for example, [1] ) and follows for l 2 by the consideration of four-dimensional l ⊂ l 2 meeting the condition {a, b, c, d} ⊂ l . Consequently, the map I • f is an example of a Möbius map on (X, d). It is interesting to note that for every x ∈ l 2 and > 0 the restriction of I on the ball B(x, ) is not a similarity.
